Abstract. In this paper, we treat moduli spaces of parabolic connections. We take affine open coverings of the moduli spaces, and we construct a Hamiltonian structure of an algebraic vector field determined by the isomonodromic deformation on each affine open set of the coverings.
Introduction
Let (C, t) (t = (t 1 , . . . , t n )) be an n-pointed smooth projective curve of genus g over C, where t 1 , . . . , t n are distinct points. We take a positive integer r and an element ν = (ν Inaba-Iwasaki-Saito [7] (for the general case see Inaba [6] ) introduces the α-stability for (t, ν)-parabolic connections, and constructs the moduli scheme of α-stable (t, ν)-parabolic connections of rank r, denoted by M α C (t, ν). Moreover, let T be a smooth algebraic scheme which is anétale covering of the moduli stack of n-pointed smooth projective curves of genus g over C and take a universal family (C,t 1 , . . . ,t n ) over T . Let N The moduli space M α C/T (t, r, d) gives a geometric description of the differential equation determined by the isomonodromic deformation. We fix ν. We can regard M α C/T (t, r, d) ν → T as a phase space of the differential equation determined by the isomonodromic deformation, and T as a space of time variables. A fiber of M α C/T (t, r, d) ν → T becomes a space of initial conditions. In fact, for the case of C = P 1 , r = 2 and n = 4, these fibers coincide with the spaces of initial conditions for the Painlevé VI equation constructed by Okamoto [13] (see [8] ). Inaba-Iwasaki-Saito [7] (for rank 2 and P 1 cases) and Inaba [6] (for general cases) show that the Riemann-Hilbert correspondence induces a proper surjective bimeromorphic morphism between the moduli space of α-stable parabolic connections and the moduli space of certain equivalence classes of representations of the fundamental group π 1 (C \{t 1 , . . . , t n }, * ). By this property of the Riemann-Hilbert correspondence, they show that the differential equation determined by the isomonodromic deformation satisfies the geometric Painlevé property (see [7] and [6] ). Note that geometric descriptions of the isomonodromic deformation are also given by Hitchin [4] and Boalch [2] , [3] et al. from symplectic points of view.
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One of the important properties of the Painlevé equations is that they can be written as (nonautonomous) Hamiltonian systems ( [14] , [15] , [11] ). The purpose of this paper is to give Hamiltonian descriptions of the vector fields determined by the isomonodromic deformations on the moduli space M 2. Preliminaries 2.1. Moduli space of stable parabolic connections. Let C be a smooth projective curve of genus g. We put
T n := {(t 1 , . . . , t n ) ∈ C × · · · × C | t i = t j for i = j} for a positive integer n. For integers d, r with r > 0, we put
Take members t = (t 1 , . . . , t n ) ∈ T n and ν = (ν
Definition 2.1. We say (E, ∇, {l
is a (t, ν)-parabolic connection of rank r and degree d over C if (1) E is a rank r algebraic vector bundle on C, (2) ∇ : E → E ⊗ Ω 1 C (t 1 + · · · + t n ) is a connection, that is, ∇ is a homomorphism of sheaves satisfying ∇(f a) = a ⊗ df + f ∇(a) for f ∈ O C and a ∈ E, and (3) for each t i , l (i) * is a filtration E| ti = l 
Take rational numbers 0 < α
Let T be a smooth algebraic scheme which is anétale covering of the moduli stack M g,n of n-pointed smooth projective curves of genus g over C and take a universal family (C,t 1 , . . . ,t n ) over T . Definition 2.4. We denote the pull-back of C andt by the morphism T × N (n)
We also denote byν the pull-back of the universal family on N (n)
We define a functor M 
j+1 for j = 0, . . . , r − 1, and (4) for any geometric point s ∈ S, dim(l
Here (E, ∇, {l 
of α-stable parabolic connections of rank r and degree d, which is smooth and quasi-projective. The fiber
is the moduli space of α-stable (t x , ν)-parabolic connections whose dimension is
if it is non-empty.
Infinitesimal deformations.
We recall the description of the relative tangent sheaf
in terms of the hypercohomology of a certain complex ([6, the proof of Theorem 2.1]). Let (Ẽ,∇, {l
(1)
j for any i, j
j+1 for any i, j
Second, we take an affine open set
There is an isomorphism
The isomorphism σ M induces a canonical isomorphism
considered inČech cohomology with respect to an affine open covering
and so on. This pairing determines a pairing
This pairing is a nondegenerate relative 2-form. This fact follows from the Serre duality: [6, Section 3] . Let T be a connected noetherian scheme and π T : C → T be a smooth projective morphism whose geometric fibers are curves of genus g. Let M C/T (t, r, d) be the functor from the category of locally noetherian schemes over T to the category of sets defined by
for a locally noetherian scheme S over T , where
Here (E, ∇, {l
For a locally noetherian scheme S over T , take any member (E, ∇, {l
For (p, q) with 1 ≤ p ≤ n and 0 ≤ q ≤ r, we put
Then ∇ induces a relative connection
is commutative. Moreover, we can determine a parabolic structure {(l )
is the elementary transform of (E, ∇, {l
q . The elementary transform induces an isomorphism Elm
Isomonodromic deformation
In this section, we consider a description of the vector field determined by the isomonodromic deformation in terms of aČech cohomology. In 3.1, we recall the Atiyah algebra. By the Atiyah algebra, we obtain descriptions of first-order deformations of pairs of curves and vector bundles. In 3.2, we show that the relative tangent sheaf of
is isomorphic to the hypercohomology of a certain complex using the Atiyah algebra. In 3.3, we consider the integrable deformations of parabolic connections when the n-pointed curves vary. The integrable deformations of parabolic connections mean the isomonodromic deformations of the corresponding relative parabolic connections. We describe the vector field determined by the isomonodromic deformation in terms of aČech cohomology.
3.1. Atiyah algebra. We recall the Atiyah algebra. (For details, for example see [1] ). Let C be a smooth projective curve and Θ C be the tangent sheaf. Let E be a vector bundle of rank r on C. Put
Definition 3.1. We define the Atiyah algebra of E as
Here, for v ∈ D 1 , symb 1 (v) is the symbol of the differential operator v.
We have inclusions D 0 = EndE ⊂ A E ⊂ D 1 and a short exact sequence
By this exact sequence, we have the following exact sequence
Then H 1 (C, A E ) means the set of infinitesimal deformations of the pair (C, E). Fix a positive integer n. Let D = t 1 + · · · + t n be an effective divisor of C, where t 1 , . . . , t n are distinct points of C. We put
). Then we have the following exact sequence
as follows. Let U be an affine open subset of C where we have a trivialization
We denote by Af −1 df a connection matrix of ∇ on U , where f is a local defining equation of t i and A ∈ M r (O U ). For
. By this map, we obtain the splitting (10).
Description of the relative tangent sheaf
. We discuss a description of the
in terms of the hypercohomology of a certain complex. Let
where AẼ(D(t)) is the relative Atiyah algebra which is the extension
There exists a canonical isomorphism
,
Proof. We take an affine open set
We also denote by (Ẽ,∇, {l
Take a relative tangent vector field
where
is a relative connection, where the divisor D(t) is the pull-back of D(t) M by the morphism C → C M . Let C = α U α be the open covering corresponding to the affine open covering of C M . There is a lift σ α :
We can check the equalities
The isomorphism ς M induces a canonical isomorphism
There exists an algebraic splitting
Here an image of (15) 
Take any affine open set U ⊂ T and a vector field v ∈ H 0 (U, Θ T ). Then v corresponds to a morphism
We denote the restriction of the universal family to C × T π −1 (U ) simply by (Ẽ,∇, {l
r = 0 is a filtration by subbundles for i = 1, . . . , n,
for any i, j, where∇ E is the relative
Here, we define the sheaf Ω 
is an upper triangular matrix, and
• the parabolic structure {l
We take a lift σ α :
, and
by d , then we have d (A α ) = 0 (which means integrable). ThenẼ α and the connection matrix A α (f α ) −1 df α give a local horizontal lift of (Ẽ,∇, {l
, the obstruction for the patching the local horizontal lifts vanishes and the global horizontal lift of (Ẽ,∇, {l , d) is the natural morphism.
We obtain the desired algebraic splitting D:
induces the algebraic splitting D :
whose images mean algebraic vector fields determined by the isomonodromic deformations. Here
is induced by the splitting (10) associated to the universal family∇.
Proof.
Take an affine open set U ⊂ T and a vector field v ∈ H 0 (U, Θ T ). We denote the restriction of the universal family to C × T π −1 (U ) simply by (Ẽ,∇, {l
We take an affine open set M ⊂ π −1 (U ) and put
We denote the restriction of the 
and putφ α := φ α (mod ), there is a commutative diagram
Here we denoteφ α ⊗ 1 simply byφ α . Moreover the patching condition for
We have
Rephrasing the above equality and substituting (17) , (18), we have
. By the calculation of the Lie derivative, this term equal to
β df β is the connection matrix of∇ via the frameφ β . On the other hand, we take the relative connection
, we obtain the element of H 1 (G 
Hamiltonian description
In this section, we give a Hamiltonian description of the vector field determined by the isomonodromic deformation. In 4.1, we construct an initial connection ∇ 0 by the following idea. First, for (an elementary transformation of) the underlying vector bundle of a member of M C/T (t, r, d) associated to an initial connection ∇ 0 . Note that an initial connection ∇ 0 has poles along divisors on C \ D(t). Then, for construction of the vector fields, we need some condition of deformations of n-pointed curves on neighborhoods of the poles along divisors on C \ D(t). These vector fields are considered as vector fields associated to time variables. In 4.3, we describe the main theorem. First, we give a 2-form ω on M 
. This is isomorphic to C M . 
(m)) where
is injective,
Here D(m) and D(σ M ) are the Cartier divisors of C τ (M ) such that for any x ∈ τ (M ),
respectively. We also denote by D(m) and D(σ M ) the inverse images of D(m) and
For a proof of this proposition, we recall the construction of a universal family of M α C/T (t, r, d) due to Inaba [6, Proof of Theorem 2.1]. We can take a vector space V such that there exists a surjec-
) is an isomorphism and h i (E(m)) = 0 for i > 0 for any member (E, ∇, {l
We put P (n) := χ(E(n)). Let E be a universal family on C × T Quot
. Then we can construct a scheme R over
which parametrizes the connection ∇ :
j+1 for any i, j. We put G := PGL(V ). The algebraic group G canonically acts on R and for some open subscheme R s of R, there exists a canonical morphism
which becomes a principal G-bundle. For a certain line bundle L on R s , the vector bundle
, since r and d are coprime.
Proof of Proposition 4.1.
be the pull-back of the universal family on C × T Quot
We take a pair (M, W r ) of an open set of M α C/T (t, r, d) and an r-dimensional subspace of V as follows. We consider the immersionM →M × G; u → (u, id). Let
We take the determinant det(σ 0 V ). Then we have global sections of det(E C× TM (m)), which give an immersion of the family of curves C × TM to some relative projective space. We take a global section of det(E C× TM (m)) and an open set M ofM such that, on C × T M , the corresponding hyperplane section satisfies that
• the support of the hyperplane section is disjoint from Supp(
and • the pull-back of the hyperplane section by C × T x → C × T M consists of distinct points for any
We take an r-dimensional subspace W r ⊂ V associated to such a hyperplane section, and we can take an open set M of M 
where (u, g) ∈ M × G. Here e 1 , . . . , e r is a basis of W r , and f 1 , . . . , f r are elements of O U , where U is an open set of C M ×G such that there is a trivialization
and L is locally trivial, we have σ
(m)) satisfying the conditions (1), (2) , and (3).
Let d m be the relative connection induced by 0 → O
and the relative exterior
, that is, the diagram
is commutative. 
(m)) as in this proposition. We define a relative initial connection (−m).
Algebraic vector fields associated to∇
σ M 0 . Let T be a connected noetherian scheme and π T : C → T be a smooth projective morphism whose geometric fibers are curves of genus g. We take an open covering {M } of Proposition 4.1, and we fix σ
(m)) for each M as in this proposition. We assume that these open sets M are affine. We put
Then we can construct an algebraic vector field associated to∇ 
for l > 0, we choose a lift
such that we can assume that
Now we define an algebraic vector field on M associated to∇
and∇ on U α associated to the trivializationφ α , respectively. First, we set (26) uμ
which satisfy the equality uμ 
Next we define vμ ∇0 α as follows. We put (27)û
be a first-order deformation of (C M ,Ẽ,∇, {l Here g α and h α are pull-backs of g α and h α by the natural morphism U α → U α , respectively. We take a first-order deformation of the relative initial connection∇
on M as follows. Sinceû IMD αβ = 0 for any α, β ∈ I D(p) , we can assume that
, {φ τ α } α ) and (E τ , {φ τ α } α ) be the elementary transformations (21) of (Ẽ, {φ α } α ) and (E , {φ α } α ), respectively. Let σ 
(m) under the morphism j :
is the tensor product of E τ and the line bundle associated to D (m). We denote byσ
These first-order deformationsσ 
where ϕ α is defined byd αβ , φ α , andφ α as (13) 
has no pole at the support of D(p).
We can check the equality
So we can define an algebraic vector field:
This class is independent of the choice of a representative of the class
Proof. We show that {vμ ∇0 α } has no pole on the supports of D(m) and D(σ M ). We also describe
We take a basis e 1 ⊗ g α , . . . , e r ⊗ g α of
We consider an affine open set U α where
is an isomorphism, which gives a trivialization ψ α : 
So we can show that this class is independent of the choice of a representative of the class [{d
4.3.
Hamiltonian structure on the moduli spaces. In this section, we assume that r and d are coprime. Then the relative initial connection∇
has no pole at D(t):
We define an algebraic splitting η :
M . First, we define a lift of the symplectic form defined in 2.3 as follows. We define a pairing (36)
denoted by ω M , where we consider inČech cohomology with respect to an affine open covering
. By Proposition 3.4 and the construction of ω M , we have the following
induces the vector fields on M determined by the isomonodromic deformations.
Second, we define Hamiltonian functions as follows. The second order polar parts of Tr((∇ −∇
). Since the obstruction vanishes, we can take
and there is no contribution from the polar parts of Q at the support of D(m) red + D(σ M ) for Q ·μ i , which is the image under the following pairing 
Theorem 4.7. Assume that r and d are coprime.
, and let E be a first-order deformation ofẼ
We take a first-order deformation∇
be an isomorphism as in 2.2. We denote this trivializationẼ|
We consider the second term of the right hand side of (43). By the cocycle condition of [{uμ On the other hand, the 1-form dH i ∈ H 1 (G • M ) ∨ is described as
Here,Ã Corollary 4.8. Assume that r and d are coprime. If we take vector fields ∂/∂q i ∈ R 1 π * (G • )(M ) and ∂/∂p i ∈ R 1 π * (G • )(M ) as above, then the vector field determined by the isomonodromic deformation on M is described as
for j = 1, . . . , 3g − 3 + n.
Proof. Let X be the vector field (47). We show that X ∈ Ker(ω M ). Note that We have
By Theorem 4.7, we have
Then we obtain that X ∈ Ker(ω M ). Proposition 4.5 implies that X is the vector field determined by the isomonodromic deformation. By uniqueness of the isomonodromic deformation for a Kodaira-Spencer class, we obtain this corollary.
